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We study the Nambu–Goldstone (NG) modes associated with spontaneous breaking of the continuous time-
translation symmetry. To discuss a quantum time-crystal with the spontaneously-broken continuous time-
translation symmetry, we introduce the van der Pol type nonlinear-friction to open quantum systems. By
considering small fluctuations around a time-periodic mean-field solution, we show that a gapless collective
mode necessarily appears; this is nothing but the NG mode associated with a time crystal. We show that its
dispersion relation becomes ω = −iCp2. We also show that noncommutative breaking of the time-translation
and U(1) symmetries results in mixing of the NG modes, and the (typically) propagating NG mode appears,
whose dispersion relation becomes ω = (±C1 − iC2)p2.
Introduction. The Nambu–Goldstone (NG) modes are
universal gapless modes associated with spontaneous symme-
try breaking (SSB) [1–3]; they determine the low-energy or
long-distance behavior of order-parameter fields. For SSB in
equilibrium states, the properties of the NG modes are well
understood, and determined only by symmetry breaking pat-
terns. In particular, for spontaneous breaking of internal sym-
metries, the number of the NG modes is given as [4–7]
NNG = NA +NB, (1)
NA = NBS − 2NB, (2)
NB =
1
2
rank ρab, (3)
where NNG, NA, and NB are the number of the total, type-A,
and type-B NG modes, respectively. NBS is the number of
broken symmetries (broken generators). ρab is the Watanabe-
Brauner matrix defined by ρab := 〈[iQˆa, Qˆb]〉/V with the
volume of the system V [4]. Qˆa are broken charge opera-
tors; the total number of them is equal to NBS. 〈· · · 〉 means
expectation values, and hat denotes quantum operators. In re-
cent studies [4–9], it was revealed that noncommutativity of
broken charges plays a key role in the dynamics of the NG
modes, and the NG modes are classified into the commutative
and noncommutative (type-A and type-B) ones. They have
the different dispersion relations; the dispersion relations of
the type-A NG modes are typically linear, while those of the
type-B NG modes are typically quadratic (See e.g, Ref. [10]).
In contrast, only a little is known for SSB in nonequilibrium
states such as the steady state with driven-dissipative conden-
sates [11, 12]. Recently in Ref. [13], from the theoretical anal-
ysis of some concrete models, it was shown that the dispersion
relations of the type-A and type-B NG modes may become
ωA = −iCAp2, (4)
ωB = (±CB1 − iCB2)p2, (5)
where ωA,B, p, and CA,Bi are frequency, momentum, and
positive constants, respectively. While the type-A NG mode
becomes diffusive, the type-B NG mode still propagates be-
cause of the nonzero real part. The two types were still classi-
fied by noncommutativity of broken charges in Ref. [13].
It has been intensively discussed generalizing the notion
of SSB to cover the time-direction. Such a quantum many-
body state spontaneously breaking the time-translation sym-
metry is referred to as “quantum time crystal,” since it is a
temporal analogue of the conventional crystal spontaneously
breaking the spatial-translation symmetry [14]. It was shown
that quantum time crystals can be realized only in nonequi-
libirum [15]. Soon after Ref. [15], spontaneous breaking of
a discrete time-translation symmetry in periodically-driven
open quantum systems has been proposed from theories [16–
18] and confirmed by experiments [19–22].
Spontaneous breaking of the continuous time-translation
symmetry in the nonequilibirum Bose-Einstein condensate
has also been discussed in literatures [23, 24] (A similar os-
cillatory condensate protected by the axial anomaly was dis-
cussed in Ref. [25]). However, only the coherent phase-
precession, or equivalently, the phase oscillation by the chem-
ical potential in an excited state has been discussed, but it in a
nonequilibrium steady state has not been discussed. Further-
more, the phase oscillation breaks only one of the two super-
positions of the continuous time-translation and U(1) symme-
tries, and the dispersion relation of the NG mode (phonon)
is the same as that of the non-oscillatory Bose-Einstein con-
densate; the effect of the oscillation can be eliminated by the
local U(1) transformation, and only the non-oscillatory ampli-
tude affects the properties of the phonon. To discuss the NG
modes unique to quantum time-crystals, we need the temporal
oscillation of not the phase, but the amplitude.
In this Letter, we study the NG modes in quantum
time-crystals with the spontaneously-broken continuous time-
translation symmetry. To realize such a quantum time crystal
as a nonequilibirum steady state, we consider open quantum
systems with the van der Pol type nonlinear friction. As is
known in classical mechanics under the name of “limit cy-
cle,” the van der Pol type nonlinear friction enables an emer-
gent time-periodic solution. By studying small fluctuations
around a time-crystalline state, we show the existence of the
gapless (NG) modes associated with quantum time-crystals.
We analyze the dispersion relations of them by generalizing
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2the effective Lagrangian method [6, 7] to open systems.
Effective Lagrangian. Let us consider the Keldysh action
of an open quantum system S[ΦR, ΦA] =
∫
d4xLwith double
fieldsΦR, andΦA in the so called R/A basis [26] (see Ref. [12]
for a review). For concreteness, we here assume that ΦR,A are
complex scalar fields. The expectation value of an operator O
is given by the path integral:
〈O〉 =
∫
DΦRDΦ∗RDΦADΦ∗AeiSO. (6)
We assume the action is invariant under some transforma-
tions, ΦR → ΦR + δaAΦR and ΦA → ΦA + δaAΦA, where
a labels symmetries, and  is an infinitesimal small parame-
ter. For example, the time-translation and U(1) transforma-
tions are defined as δTAΦR := ∂tΦR, δ
T
AΦA := ∂tΦA, and
δQAΦR := iΦR, δ
Q
AΦA := iΦA. The Noether theorem tells
us the existence of the Noether currents jaµA satisfying the
conservation laws ∂µj
aµ
A = 0. Hereafter, the Einstein con-
vention is assumed for the repeated indices. In the operator
formalism, QˆaA =
∫
d3xjˆa0A are the generators of the sym-
metries, and satisfy −i[QˆaA, ΦˆR,A] = δaAΦˆR,A. Then, one
might be tempted to use 〈[iQˆaA, jˆb0A ]〉 = 〈δaAjˆb0A 〉 for the clas-
sification of the NG modes. However, 〈δaAjb0A 〉 always van-
ish due to the conservation of probability [12]. Instead, we
introduce the transformations such that δaRΦR := δ
a
AΦA/4,
δaRΦA := δ
a
AΦR [13, 26], which are the exact symmetries in
isolated systems, while not in open systems. Nevertheless,
〈δaRjˆ0bA 〉 plays a key role in the low-energy effective theory
of the NG modes. To explain this, let us remind the conven-
tional NG mode associated with spontaneous breaking of a
U(1) symmetry such as a phonon in superfluids. The broken
U(1) phase is characterized by a complex-scalar condensate
Φ0, and ground states are infinitely degenerate under the trans-
formation Φ0 → eiχΦ0 with constant χ. By promoting χ to
the dynamical variable, we can introduce the dynamical fields
for describing the phonon. The systematic construction of the
effective theory of the NG modes along this line on the basis
of the coset space of symmetry groups is the so called effective
Lagrangian method [6, 7]. We can derive the effective theory
of the NG modes in open systems in the same way [27]. Fol-
lowing the equilibrium case, the dynamical fields of the NG
modes can be introduced via the symmetry transformations as
ΦR= 〈ΦR〉+ 〈δaAΦR〉χa + hR,
ΦA= 〈δaRΦA〉pia + hA. (7)
Here, χa and pia represent the NG fields, which are the degrees
of freedom of the low-energy effective theory. hR,A represent
the non-NG fields, which will be integrated out to obtain the
effective Lagrangian. We note that 〈ΦA〉 = 0 always holds.
In this parameterization of the fields, the quadratic part of the
Lagrangian reads
L =
ρabpib∂tχb + g
ab
t ∂tpia∂tχb − gabs ∇pia · ∇χb +
i
2
gabf piapib,
(8)
where the coefficients are explicitly evaluated in our model
introduced below as
ρab = −〈δaRjb0A 〉, (9)
gabt = 〈δaAΦ∗R〉〈δbAΦR〉+ 〈δaAΦR〉〈δbAΦ∗R〉, (10)
gabs = g
ab
t , (11)
gabf = 2Ag
ab
t , (12)
and ρab is a generalization of the Watanabe-Brauner matrix
for isolated systems at zero temperature [4] to open quantum
systems. As expected, the first-order time-derivative terms
in the Lagrangian (8) are determined by 〈δaRjb0A 〉. From the
Lagrangian (8), the linearized equation of motion of the NG
fields is given as (ρab∂t − (∂tgabt )∂t − gabt ∂2t + gabs ∇2)χb =
−igabf pib. Unlike isolated systems, ρab can be different from
〈[iQˆaR, jˆb0A ]〉 because QˆaR is not conserved. In general, ρab
is not anti-symmetric; the symmetric components represent
friction. The usual propagating type-B NG modes still ap-
pear when the anti-symmetric components of ρab do not van-
ish [13]. Below we apply the effective Lagrangian (8) to quan-
tum time-crystals. Equation (9) is universal, although it was
evaluated at the tree-level [28]. In contrast, Eqs. (10)-(12) will
be modified by fluctuations beyond the tree-level.
Van der Pol oscillator. We consider a field-theoretical
generalization of the van der Pol oscillator with kinetic and
interaction terms. The Keldysh action of the corresponding
open-quantum system is given as S =
∫
d4x L, with
L =ϕA
(−∂2t +∇2 + γ (1− κϕ2R) ∂t − 2λϕ2R)ϕR
+ iA(ϕA)
2 − 1
2
λϕ3AϕR,
(13)
where ϕR,A are real scalar fields in the R/A basis, γ, κ > 0
are coefficients of the linear and cubic frictions, λ is the cou-
pling strength of the four-point contact interaction, and A is
the coefficient of fluctuations, respectively. We consider the
nonlinear friction −γ(1− κϕ2R)∂tϕR, where γ takes the neg-
ative sign compared to the conventional friction. Therefore,
−γ(1−κϕ2R)∂tϕR works as the driving force if ϕR <
√
1/κ,
while it works as the dissipative friction if ϕR >
√
1/κ. This
is the characteristic of the van der Pol oscillator; because of
the negative linear friction, uniform states are unstable against
the temporal oscillation. Since it is hard to exactly solve the
real-time evolution of quantum many-body systems, we ana-
lyze Eq. (13) within the mean-field approximation.
We assume the spatially uniform solutions like the conven-
tional mean-field theory. Then, the classical saddles satisfy
−∂2t ϕR + γ
(
1− κϕ2R
)
∂tϕR − 2λϕ3R = 0, (14)
and ϕA(t) = 0. The classical value of ϕR(t) exhibits a
time-periodic solution ϕ0(t) in nonequilibrium steady states
as shown in Fig. 1, in addition to the unstable static solution
ϕR(t) = 0. ϕ0(t) shows sinusoidal curves at
√
κγ  1, while
it shows periodic spikes at
√
κγ & 1 as shown in Fig. 1. In
both cases, ϕ0(t) spontaneously breaks the time-translation
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FIG. 1. Time-periodic solution of Eq. (14). Blue solid and red
dashed curves show ϕ0(t) at λ = 1.0, and
√
κγ = 0.1, 10.
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FIG. 2. Diffusive coefficient C as a function of γ at λ = 1.0.
symmetry. Thus, we would realize a quantum time-crystal
with spontaneous breaking of the continuous time-translation
symmetry as the driven-dissipative condensate with the van
der Pol type friction. Below, we study fluctuations around the
quantum time-crystal in detail, and the practical implementa-
tion of Eq. (14) in a real system is left for a future study.
We consider a small fluctuation around ϕ0(t), and compute
the dispersion relation of the NG mode. ϕ0(t) has the de-
generacy with respect to constant temporal shifts: ϕ0(t) →
ϕ0(t+χ). Then, we promote χ to the dynamical variable. By
substitutingϕR(t,x) = ϕ0(t)+ϕ˙0(t)χ(t,x), andϕA(t,x) =
ϕ˙0(t)pi(t,x) into Eq. (13) [29], we obtain the real-scalar-field
version of the effective Lagrangian (8) with the coefficients
g = ϕ˙20, and ρ = ϕ˙
2
0γ(1 − κϕ20), where the dot mean the
time derivatives [26]. The linearized equation of motion reads
(−g∂2t +g∇2+(ρ− g˙)∂t)χ =: D−1R (t, ∂t,∇)χ = −2iAϕ˙20pi.
The dispersion relation of the NG mode is obtained from it
(pi = 0) as
ω = −iCp2, (15)
with
C−1 =
∫ T
0
dtψ†0 (g˙ − ρ) , (16)
where T , and ψ0 are the period of ϕ0(t), and the zero eigen-
function of the adjoint of D−1R : (D
−1
R )
†ψ0 = 0 normalized as
∫ T
0
dtgψ†0 = 1 [26]. We show C as a function of γ in Fig. 2.
As of the characteristic of the NG mode in driven-dissipative
condensates, the NG mode becomes diffusive.
Superfluid kink time-crystal. To cover more general quan-
tum systems, we introduce the van der Pol type friction to
a theory of a complex scalar field. We study an interplay
between the spontaneously broken time-translation and U(1)
symmetries in mind of the type-B NG modes [13]. We dis-
cuss a model of a superfluid with particle gain and loss, whose
Keldysh action is given as S =
∫
d4x L, with
L = Φ∗A
(
− (∂t + iµ)2 +∇2
+ γ
(
1− κ|ΦR|2
)
∂t −m2 − λ|∂tΦR|2
)
ΦR
+
(
Hermite conjugates
)
+ iA|ΦA|2,
(17)
where ΦR,A are complex scalar fields, µ is the chemical po-
tential for a U(1) symmetry, and γ, κ > 0 are the coefficients
of the van der Pol type nonlinear friction, respectively. Here,
the nonlinear friction −γ(1 − κ|ΦR|2)∂tΦR means particle
gain and loss; if |ΦR| <
√
1/κ, the system obtains parti-
cles from the reservoir, while if |ΦR| >
√
1/κ, the system
loses particles. We here consider the derivative interaction
λΦ∗A|∂tΦR|2ΦR, instead of the conventional contact interac-
tion λΦ∗A|ΦR|2ΦR. This is because the model with the lat-
ter interaction shows an unstable mode although the mean
field solution shows even quantitatively similar behaviors with
Eq. (17). The unstable mode implies that a spatiotemporal pat-
tern is more favored than a spatially-uniform oscillatory pat-
tern. However, since we are interested in a pure time-crystal,
we introduce the derivative interaction to stabilize it. Spa-
tiotemporal patterns, that is, spacetime crystals, which might
be widely favored than a pure time-crystal, and the associ-
ated NG modes will be studied in a future study. We analyze
Eq. (17) with the spatially-uniform mean-field approximation.
The classical saddles of Eq. (17) satisfy
− (∂t + iµ)2 ΦR + γ
(
1− κ|ΦR|2
)
∂tΦR
− (m2 + λ|∂tΦR|2)ΦR = 0,
(18)
and ΦA = 0. The classical value of ΦR(t) exhibits a time-
periodic solution Φ0(t) as shown in Fig. 3. It spontaneously
breaks both of the time-translation and U(1) symmetries, and
would be a temporal analogue of the twisted kink crystal [30];
the periodic time-lattice of kinks is formed as seen in Fig. 3.
Therefore, we refer the state as “kink time-crystal.”
We consider small fluctuations around Φ0(t), and compute
the dispersion relation of the NG mode in the kink time-
crystal; this can be done in the completely same way with
the above real scalar field. Φ0(t) has degeneracy with respect
to constant temporal and U(1) shifts: Φ0(t) → Φ0(t + χT ),
and Φ0(t) → eiχQΦ0(t). Then, by promoting χT and χQ to
the dynamical variables via the symmetry transformations in
Eq. (7), we obtain the effective Lagrangian (8), and linearized
equation of motion of χT and χQ. The linearized equation
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FIG. 3. Time-periodic solution of Eq. (18) at
√
κγ = 0.1, µ/
√
κ =
0.5, κm2 = 1.0, and λ/κ = 1.0. Blue solid, red dashed, and green
dotdashed curves show |Φ0(t)|, θ0(t), and ∂tθ0(t)/2, respectively.
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FIG. 4. Dispersion relation of the NG mode associated with the
noncommutative broken time-translation and U(1) symmetries as a
function of µ at
√
κγ = 0.1, κm2 = 1.0, and λ/κ = 1.0.
of motion necessarily contains temporal or spatial derivatives,
so that χT,Q have gapless modes [26], where two NG modes
seem to appear. However, they are not independent of each
other, and form the one type-B NG mode. Since there are
two variables, the dispersion relations are obtained from the
determent of the 2× 2 matrix:
det
(
ω2 + iaω − p2 −icω
ibω ω2 + idω − p2
)
= 0. (19)
where the coefficients a, b, c, and d need to be numerically
evaluated [26]. If b or c vanishes, there are two diffusive NG
modes (ω ∼ −ip2) like the previous case. In contrast, if both
of b and c are nonvanishing, we have
ω± = (±C1 − iC2)p2, (20)
where C1 = (4bc − (a − d)2)1/2/(2(ad + bc)), and C2 =
(a + d)/(2(ad + bc)). This is the type-B NG mode asso-
ciated with mixing of the time-translation and U(1) symme-
tries. We show ω±/p2 in Fig. 4. We see two diffusive NG
modes below
√
κµ = 0.3. However, they are in fact the
overdamped one type-B NG mode; C1 is pure-imaginary be-
low
√
κµ = 0.3, where Eq. (20) accidentally looks like two
diffusive NG modes. As µ increases, C1 becomes real, and
the propagating type-B NG mode appears as shown in Fig. 4.
We note that the overdamping does not occur in isolated sys-
tems, where C1 is always real for enough small p2 [10]. Such
an overdamped type-B NG mode might be characteristic of
driven-dissipative condensates.
Summary. We have studied the NG modes associated with
spontaneous breaking of the continuous time-translation sym-
metry. To realize a quantum time-crystal as a nonequilibirum
steady state, we introduced the van der Pol type nonlinear-
friction to open quantum systems. We analyzed the dispersion
relations of the collective modes around a time-crystalline
state, and found that the gapless mode necessarily exists be-
cause of the temporal-degeneracy of the periodic states. This
is nothing but the NG mode associated with spontaneous
breaking of the continuous time-translation symmetry. We
show that the NG mode from the broken time-translation sym-
metry behaves as ω = −iCp2. We also show that noncommu-
tative breaking of the time-translation and U(1) symmetries
leads to the (typically) propagating NG mode; its dispersion
relation becomes ω = (±C1 − iC2)p2.
We found the instability implying a spatially inhomoge-
neous order in the complex scalar model with the contact po-
tential. It is interesting to discuss spacetime crystals and the
NG modes associated with simultaneously broken time- and
spatial-translation symmetries in a future study. Such a study
might be relevant for a phenomenological realization of the
van der Pol type quantum time-crystal.
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I. SCHWINGER-KELDYSH FORMALISM IN
AN OPEN QUANTUM SYTEM
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FIG. 1. Closed time contour in the Schwinger-Keldysh for-
malism.
We here derive the path integral formula for an open
quantum system used in the main text. We consider a
quantum system coupled with an environment. The path
integral formula for an open quantum system is obtained
by integrating the environment out. In general, the ac-
tion of the total system has three parts:
Stot[ϕ,B] = Ssys[ϕ] + Senv[B] + Sint[ϕ,B], (1)
where Ssys[ϕ], Senv[B], and Sint[B,ϕ] are the actions of
the system, environment, and interaction, respectively.
ϕ and B are the degrees of freedom of the system and
environment. We assume that the initial density matrix
at t = tI is the direct product of those of the system and
environment: ρˆ = ρˆsys ⊗ ρˆenv. We consider the following
path integral whose path is shown in Fig. 1:
Z =
∫
Dϕ1Dϕ2DB1DB2ρsys(ϕI1, ϕI2)ρenv(BI1, BI2)
× eiStot[ϕ1,B1]−iStot[ϕ2,B2],
(2)
where the indices, 1 and 2, represent the label of
the forward and backward paths in Fig. 1, and
we introduced the matrix elements of the density
operators ρsys(ϕI1, ϕI2) := 〈ϕ1(tI)|ρˆsys|ϕ2(tI)〉 and
ρenv(BI1, BI2) := 〈B1(tI)|ρˆenv|B2(tI)〉. The direct prod-
uct of the density operators enables us to formally inte-
grate the environment out. Then, introducing
eiΓ[ϕ1,ϕ2] :=
∫
DB1DB2ρenv(BI1, BI2)
× eiSenv[B1]−iSenv[B2]+iSint[ϕ1,B1]−iSint[ϕ2,B1],
(3)
we can express the path integral of the system as
Z =
∫
Dϕ1Dϕ2ρsys(ϕI1, ϕI2)eiSeff[ϕ1,ϕ2], (4)
where we define
Seff[ϕ1, ϕ2] := Ssys[ϕ1]− Ssys[ϕ2] + Γ[ϕ1, ϕ2]. (5)
An observable O(ϕ1, ϕ2) of the system is evaluated as
〈O(ϕ1, ϕ2)〉
:=
1
Z
∫
Dϕ1Dϕ2ρsys(ϕI1, ϕI2)eiSeff[ϕ1,ϕ2]O(ϕ1, ϕ2).
(6)
When we take tI → −∞, ρsys(ϕI1, ϕI2) and O(ϕ1, ϕ2)
will be uncorrelated. Then, we can write the path inte-
gral as the form in Eq. (6) in the main text (by general-
izing to complex fields).
The R/A basis used in the main text is defined as
ϕR := (ϕ1 + ϕ2)/2 and ϕA := (ϕ1 − ϕ2). For example,
the action of the λϕ4 theory has the form:
Ssys[ϕ] =
∫
d4x
(1
2
(∂tϕ)
2 − 1
2
(∇ϕ)2 − λ
2
ϕ4
)
. (7)
In the R/A basis, Ssys[ϕ1]− Ssys[ϕ2] is expressed as
Ssys[ϕ1]− Ssys[ϕ2]
=
∫
d4x
(
ϕA(−∂2t ϕR +∇2ϕR − 2λϕ3R)−
λ
2
ϕRϕ
3
A
)
+ boundary term.
(8)
This corresponds to the action (13) in the main text with
γ = A = 0. The functional form of Γ[ϕ1, ϕ2] depends on
the details of the environment. In our van der Pol model
in the main text, we chose
Γ[ϕ1, ϕ2] =
∫
d4x
[
ϕAγ(1− κϕ2R)∂tϕR + iAϕ2A
]
. (9)
II. NOETHER CURRENT
Let us consider an action S as a functional of com-
plex scalar fields ΦR and ΦA. Suppose that the ac-
tion S is invariant under an infinitesimal transformation
ΦR → ΦR + aδaAΦR, and ΦA → ΦA + aδaAΦA, where a
is an infinitesimal small constant. For example, the time
translation and U(1) transformations are written as
δTAΦR := ∂tΦR, δ
T
AΦA := ∂tΦA, (10)
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2and
δQAΦR := iΦR, δ
Q
AΦA := iΦA, (11)
respectively. For spacetime-dependent parameters a(x),
the action behaves as
S → S −
∫
d4x
(
∂µa(x)
)
jaµA (x), (12)
because the last term must vanish for constant a. Here,
jaµA is the so-called Noether current [1]. For the U(1)
symmetry of the action (17) in the main text, the explicit
form of jQ0A (x) is given as
jQ0A = i(Φ
∗
A(∂t + iµ)ΦR − (∂t − iµ)Φ∗AΦR)
+ i(Φ∗R(∂t + iµ)ΦA − (∂t − iµ)Φ∗RΦA)
+ iγ(1− κ|ΦR|2)(Φ∗RΦA − Φ∗AΦR)
+ iλ(ΦR∂tΦ
∗
R − ∂tΦRΦ∗R)(Φ∗RΦA + Φ∗AΦR).
(13)
Similarly, the charge density of the time translation reads
jT0A = −∂tΦ∗A∂tΦR − ∂tΦ∗R∂tΦA + Φ∗A∇2ΦR + Φ∗R∇2ΦA
+ (µ2−m2+λ|∂tΦR|2)(Φ∗AΦR + Φ∗RΦA)+iA|ΦA|2.
(14)
We can introduce the R transformation such that
δaRΦA := δ
a
AΦR, and δ
a
RΦR := δ
a
AΦA/4. Using this,
we define the generalized Watanabe-Brauner matrix as
ρab = −〈δaRjb0A 〉. For the superfluid kink time-crystal (17)
in the main text, ρab is written explicitly as
〈δTRj0TA 〉 = (µ2 −m2 + λ|Φ˙0|2)∂t|Φ0|2 − ∂t(Φ˙∗0Φ˙0), (15)
〈δQRjT0A 〉 = 0, (16)
〈δTRjQ0A 〉 = i∂t(Φ∗0Φ˙0 − Φ˙∗0Φ0 + 2iµΦ∗0Φ0)
− iγ (1− κ|Φ0|2) (Φ˙∗0Φ0 − Φ∗0Φ˙0)
+ λi(Φ0Φ˙
∗
0 − Φ˙0Φ∗0)∂t|Φ0|2, (17)
〈δQRjQ0A 〉 = −2γ
(
1− κ|Φ0|2
) |Φ0|2. (18)
Similarly, for the van der Pol oscillator (13) in the main
text, the explicit form of the charge density of the time
translation and 〈δTRjT0A 〉 are, respectively, written as
jT0A = −∂tϕA∂tϕR + ϕA
(∇2 − 2λϕ2R)ϕR
− λ
2
ϕ3AϕR + iA(ϕA)
2, (19)
〈δTRjT0A 〉 = −∂t
(1
2
ϕ˙20 + λ
1
2
ϕ40
)
. (20)
III. PERTURBATIVE SOLUTIONS
We here describe the method to compute the disper-
sion relations of the NG modes in quantum time-crystals.
We would like to solve a second rank linear ordinary dif-
ferential equation:
D(t, ∂t,p)φp(t) = 0, (21)
where p is a parameter. In our situation, p is momen-
tum. Suppose that D(t, ∂t,p) has the time-translational
symmetry: D(t + T, ∂t,p) = D(t, ∂t,p), with the pe-
riod T . Because the rank is two, there are two solutions
φ1,p(t) and φ2,p(t). The translational symmetry implies
that φ1,p(t + T ) and φ2,p(t + T ) can be expressed as a
linear combination of φ1,p(t) and φ2,p(t):(
φ1,p(t+ T )
φ2,p(t+ T )
)
= A
(
φ1,p(t)
φ2,p(t)
)
, (22)
with
A =
(
c11 c12
c21 c22
)
. (23)
We note that A generally depends on the parameter p.
If the eigenvalues of A are nondegenerate, we can diago-
nalize A, with bases φ˜a,p(t), i.e., φ˜a,p(t+T ) = λaφ˜a,p(t),
where a = 1, 2. In the following we drop the index a.
Obviously, λ describes a large time behavior. We can
parametrize λ as λ = e−iωT . In general, ω is complex,
whose imaginary part is negative if the system is stable.
We can write φ˜p(t) as
φ˜p(t) = e
−iωtup(t), (24)
where up(t+ T ) = up(t). The equation (21) reads
D(t, ∂t − iω,p)up(t) = 0. (25)
Let us try to perturbatively solve this equation. For
this purpose, we decompose D(t, ∂t − iω,p) into H0 =
D(t, ∂t,0) and V := D(t, ∂t−iω,p)−D(t, ∂t, 0,0). Then,
the equation is written as
(H0 + V (ω,p))up(t) = 0. (26)
Let Ψn(t) be eigenfunctions with the eigenvalues En of
H0 (E0 = 0) with the periodic boundary condition Ψn(t+
T ) = Ψn(t), i.e.,
H0Ψn(t) = EnΨn(t). (27)
Since H0 is generally not hermite, we also need to intro-
duce ηn such that
H†0ηn(t) = Enηn(t), (28)
with ∫ T
0
dtη†n(t)Ψm(t) = δn,m. (29)
3Using this basis, we expand uω,p(t) as
uω,p(t) =
∞∑
n=0
cn(ω,p)Ψn(t). (30)
The condition of cn for the zero mode is at ω = 0, p = 0,
c0(0,0) = 1 and cn(0,0) = 0. We have
(H0 + V (ω,p))uω,p(t) =
∞∑
n=0
cn(ω,p)(En + V (ω,p))Ψn(t) = 0.
(31)
Multiplying η†m(t) and integrating Eq. (31) with respect
to t, we find
cm(ω,p)Em +
∑
n
Vmn(ω,p)cn(ω,p) = 0, (32)
where
Vmn(ω,p) :=
∫ T
0
dtη†m(t)V (ω,p)Ψn(t). (33)
At the leading expansion of ω and p, the solution of
Eq. (26) is obtained from V00(ω,p) = 0; it gives the
relation between ω and p.
IV. VAN DER POL OSCILLATOR
The dispersion relation of the NG mode is obtained
from the solution of [(ρ−g˙)∂t+g(−∂2t +∇2)]χ =: D−1R χ =
0, with g = 〈δTAϕR〉2 = ϕ˙20, and ρ = −〈δTRjT0〉 =
∂t(ϕ˙
2
0/2 + λϕ
4
0/2) = ϕ˙
2
0γ(1 − κϕ20). Here we used the
equation of motion of ϕ0 (Eq. (14) in the main text). We
introduce G−1R such that D
−1
R = ϕ˙0G
−1
R ϕ˙0, where
G−1R (t, ∂t,∇) =
− ∂2t +∇2 + γ
(
1− κϕ20
)
∂t − 2γκϕ0ϕ˙0 − 6λϕ20.
(34)
We can consider the equation G−1R δφ = 0 instead of
D−1R χ = 0. Obviously, both carry the same information.
For the technical reason of numerics, it is easier to find
the solution of G−1R δφ = 0, rather than that of D
−1
R χ = 0.
Therefore, in the following, we solve G−1R δφ = 0 on
the basis of the method described in Sec. III. We take
D(t, ∂t,p) = G
−1
R (t, ∂t,p), H0 := G
−1
R (t, ∂t,0), and
V (ω,p) := D(t, ∂t − iω,p)−D(t, ∂t,0), where
H0 = −∂2t + γ
(
1− κϕ20
)
∂t − 2γκϕ0ϕ˙0 − 6λϕ20. (35)
Then, we define Ψ0, and η0 as
H0Ψ0 = 0, (36)
H†0η0 = 0, (37)
with
H†0 = −∂2t − γ
(
1− κϕ20
)
∂t − 6λϕ20. (38)
By construction, we find Ψ0 = ϕ˙0. We numerically solve
Eq. (37) under the periodic boundary condition, and
compute the left zero-eigenvector η0. Then, by multiply-
ing η†0 to the left-hand-sides of VΨ0, we perturbatively
obtain the potential V00 as
V00(ω,p) =
∫ T
0
dt η†0V (ω,p)ϕ˙0
=
∫ T
0
dt ψ†0(−iω(ρ− g˙) + g(ω2 − p2))
(39)
where ψ†0 = η
†
0/ϕ˙0. The normalization condition turns
out to be
1 =
∫ T
0
dtη†0Ψ0 =
∫ T
0
dtψ†0g. (40)
The on-shell condition is solved as V00(ω,p) = 0, which
is nothing but Eqs. (15), and (16) in the main text.
V. SUPERFLUID KINK TIME-CRYSTAL
The time periodic solution of Eq. (18) in the main
text, is not strictly periodic but rather quasi-periodic:
Φ0(t + T ) = e
iΩTΦ0(t), with constant Ω and T , and
the linearized equation of motion of fluctuations is also
quasi-periodic. In order to apply our technique in which
the periodicity of the linearized equation is assumed,
we redefine the fields such that the expectation value
of Φ0(t) is periodic, i.e., ΦR(x) → e−iΩtΦR(x), and
ΦA(x) → e−iΩtΦA(x). Under the transformations, the
time derivative transforms as ∂t → ∂t + iΩ, and the lin-
earized equation of motion of fluctuations becomes peri-
odic. We work in this basis in the following analysis.
As the same as before, the dispersion relation of
the NG mode is obtained from the solution of [(ρab −
g˙ab)∂t + g
ab(−∂2t +∇2)]χb = [D−1R χ]b = 0, where gab =
2Re 〈δaAΦR〉〈δbAΦ∗R〉, with 〈δTAΦR〉 = Φ˙0 and 〈δQAΦR〉 =
iΦ0. The explicit expression of ρ
ab is shown in Eqs. (15)-
(18). Since both of the time-translation and U(1) sym-
metries are spontaneously broken, D−1R is a two-by-two
matrix. Because of the same reason as before, we intro-
duce G−1R (t, ∂t,∇) such that
D−1R = U
TG−1R (t, ∂t,∇)U, (41)
where
U =
(
Re 〈δTAΦR〉 Re 〈δQAΦR〉
Im 〈δTAΦR〉 Im 〈δQAΦR〉
)
=
(
ϕ˙10 −ϕ20
ϕ˙20 ϕ10
)
, (42)
4and
[G−1R ]11 =
− ∂2t +∇2 + γ
(
1− κ1
(
ϕ210 + ϕ
2
20
))
∂t − 2γκ1ϕ10ϕ˙10
+ µ2 −m2 − λ (ϕ˙210 + ϕ˙220)− 2λϕ10ϕ˙10∂t, (43)
[G−1R ]12 = 2µ∂t − 2λϕ10ϕ˙20∂t − 2γκ1ϕ˙10ϕ20, (44)
[G−1R ]21 = −2µ∂t − 2λϕ˙10ϕ20∂t − 2γκ1ϕ10ϕ˙20, (45)
[G−1R ]22 =
− ∂2t +∇2 + γ
(
1− κ1
(
ϕ210 + ϕ
2
20
))
∂t − 2γκ1ϕ20ϕ˙20
+ µ2 −m2 − λ (ϕ˙210 + ϕ˙220)− 2λϕ20ϕ˙20∂t. (46)
Here, we parametrized Φ0 = ϕ10 + iϕ20. To obtain these
expressions, we employed the equation of motion of Φ0
(Eq. (18) in the main text).
Now, we take D(t, ∂t,p) = M
−1G−1R (t, ∂t,p)M , H0 :=
D(t, ∂t,0), and V (ω,p) := D(t, ∂t − iω,p) −D(t, ∂t,0),
where
M =
(
cos Ωt − sin Ωt
sin Ωt cos Ωt
)
. (47)
D(t, ∂t,p) satisfy D(t+T, ∂t,p) = D(t, ∂t,p) in the new
basis rotated by M . The zero-eigenvalue equations of H0
and H†0 satisfy
H0Ψ˜
(i) = H0
(
Ψ˜
(i)
10
Ψ˜
(i)
20
)
= 0, (48)
H†0 η˜
(i) = H†0
(
η˜
(i)
10
η˜
(i)
20
)
= 0, (49)
with the normalization∫ T
0
dtη˜
†(i)
0 Ψ˜
(j)
0 =
∫ T
0
dtη
†(i)
0 Ψ
(j)
0 = δij , (50)
where i, j = T,Q, Ψ˜
(i)
0 = M
−1Ψ(i)0 , and η˜
†(i)
0 = M
−1η†(i)0 .
By construction, we find Ψ
(T )
0 = (ϕ˙10, ϕ˙20), and Ψ
(Q)
0 =
(−ϕ20, ϕ10). We numerically solve Eq. (49) under the
periodic boundary condition, and compute the left zero-
eigenvectors η˜(T ) and η˜(Q). Then, we can perturbatively
obtain V00(ω,p), which is now a two-by-two matrix:
[V00(ω,p)]ij =
∫ T
0
dt η˜(i)†V (ω,p)Ψ˜(j)
=
∫ T
0
dt η(i)†MV (ω,p)M−1Ψ(j)
=
(
ω2 + iaω − p2 −icω
ibω ω2 + idω − p2
)
,
(51)
where
a = −γ + 2
∫ T
0
dt
(
η
(T )
10 ϕ¨10 + η
(T )
20 ϕ¨20
)
+ γκ
∫ T
0
dt
(
η
(T )
10 ϕ˙10 + η
(T )
20 ϕ˙20
) (
ϕ210 + ϕ
2
20
)
+ 2λ
∫ T
0
dt
(
η
(T )
10 ϕ10 + η
(T )
20 ϕ20
) (
ϕ˙210 + ϕ˙
2
20
)
− 2µ
∫ T
0
dt
(
η
(T )
10 ϕ˙20 − η(T )20 ϕ˙10
)
,
(52)
b = 2
∫ T
0
dt
(
η
(Q)
10 ϕ¨10 + η
(Q)
20 ϕ¨20
)
+ γκ
∫ T
0
dt
(
η
(Q)
10 ϕ˙10 + η
(Q)
20 ϕ˙20
) (
ϕ210 + ϕ
2
20
)
+ 2λ
∫ T
0
dt
(
η
(Q)
10 ϕ10 + η
(Q)
20 ϕ20
) (
ϕ˙210 + ϕ˙
2
20
)
− 2µ
∫ T
0
dt
(
η
(Q)
10 ϕ˙20 − η(Q)20 ϕ˙10
)
,
(53)
c = −2
∫ T
0
dt
(
η
(T )
10 (−ϕ˙20) + η(T )20 ϕ˙10
)
− γκ
∫ T
0
dt
(
η
(T )
10 (−ϕ20) + η(T )20 ϕ10
) (
ϕ210 + ϕ
2
20
)
− 2λ
∫ T
0
dt
(
η
(T )
10 ϕ10 + η
(T )
20 ϕ20
)
(−ϕ20ϕ˙10 + ϕ10ϕ˙20)
+ 2µ
∫ T
0
dt
(
η
(T )
10 ϕ10 − η(T )20 (−ϕ20)
)
,
(54)
d = −γ + 2
∫ T
0
dt
(
η
(Q)
10 (−ϕ˙20) + η(Q)20 ϕ˙10
)
+ γκ
∫ T
0
dt
(
η
(Q)
10 (−ϕ20) + η(Q)20 ϕ10
) (
ϕ210 + ϕ
2
20
)
+ 2λ
∫ T
0
dt
(
η
(Q)
10 ϕ10 + η
(Q)
20 ϕ20
)
(−ϕ20ϕ˙10 + ϕ10ϕ˙20)
− 2µ
∫ T
0
dt
(
η
(Q)
10 ϕ10 − η(Q)20 (−ϕ20)
)
.
(55)
The on-shell condition detV00(ω,p) = 0 can be solved,
and the solution at small p takes the form given in
Eq. (20) in the main text.
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